We have calculated the unpolarized dihadron fragmentation functions (uDiFFs) of pions and kaons using the nonlocal chiral-quark model (NLChQM) and evolved our results to the transferred momentum scale Q 2 =4GeV 2 by the QCD evolution equations. These uDiFFs have also been computed in the Nambu-Jona-Lasinio-jet (NJL-jet) model for the sake of comparison. We find that there is substantial difference between the results of these two models. Furthermore, the DiFFs of u → π + π − and g → π + π − at Q 2 = 109 GeV 2 in these two models are presented in comparison with the parametrizations fitted by the Monte Carlo event generator JETSET.
I. INTRODUCTION
An unpolarized single-hadron fragmentation function D h q (z, Q 2 ) (uSiFF) describes an unpolarized quark q with the virtuality Q 2 to hadronize into a hadron h carrying a fraction of light-cone momentum z. In principle, it can be extracted from experimental data of semi-inclusive processes such as e + + e − → h + X or e − + p → e + h + X. The single-hadron fragmentation functions (SiFFs) include other fragmentation functions such as the Collins fragmentation function describing the hadronization of a transversely polarized quark. SiFFs play important roles in the analysis of the scattering processes involving hadrons. Consequently they have become important subjects in hadronic physics and have been intensively studied [1] .
When analyzing the semi-inclusive processes with two detected hadrons in the final states such as e + + e − → h 1 + h 2 + X or e − + p → e + h 1 + h 2 + X, one needs to define the unpolarized dihadron fragmentation function D h1,h2 q (z 1 , z 2 , Q 2 ) (uDiFF) which is the probability of a quark q fragmenting into two hadrons h 1 and h 2 with the light-cone momentum fractions z 1 and z 2 , respectively [2] . The QCD evolution equations of uDiFFs have also been intensively investigated [3] [4] [5] [6] [7] . Later on, all possible dihadron fragmentation functions (DiFFs) for two hadrons have been defined and studied to leading twist in Ref. [8] and subleading twist in Ref. [9] . After integrating over the quark transverse momentum, there are only two kinds of DiFFs to survive at leading twist: the unpolarized one D h1,h2 q and the polarized one H ,h1,h2 q . In practice, D h1,h2 q should be extracted from global fits of unpolarized cross sections of the relevant processes such as e + + e − → h 1 + h 2 + h 3 + h 4 + X and e − + p → e − + h 1 + h 2 + X. To extract H ,h1,h2 q , one needs analyze the Artru-Collins azimuthal asymmetry in e + e − annihilation, which is the correlation between the azimuthal orientations of two hadron pairs in back-to-back jets [10, 11] .
The interest on DiFFs has been stimulated by the possibilities of extracting the quark transversity distribution h q 1 (x) by measuring the Single-Spin Asymmetries (SSA) in the process e − + p ↑ → e − + π + + π − + X with the transversely polarized target [12] . SSA is proportional to the following quantity [12] :
where f q 1 (x) is the unpolarized Parton Distribution Function (PDF). M h1,h2 is the invariant mass of the hadron pair. 00  00  11  11  00 00 11 11  00 00 11 11  00 00 11 11  00 00 11 11  000  000 000  000  000 000   111  111 111  111  111 111   00  00 00  00  00   11  11 11  11  11   000  000  000  000 000   111  111  111  111 111   000  000  000  000 000  000   111  111  111  111 111  111   000  000  000  000 000   111  111  111  111 111   000  000 000  000  000 000   111  111 111  111  111 111   00  00  00  00 00  00   11  11  11  11 11  11   00  00 00  00  00   11  11 11  11  11   000 000  000  000  000 000   111 111  111  111  111 111   0 1  0 1  0 1  0 1   00  00  00 00  00   11  11  11 Recently the up and down quark valence transverseties have been extracted in Ref. [13] . They used the experimental data of π + π − semi-inclusive deep ielastic scattering (SIDIS) off transversely polarized target from the HERMES and COMPASS collaborations [14, 15] . In their analysis, the values of H ,h1,h2 q have been taken from the Belle data on almost back-to-back emission of two π + π − pairs in e + e − annihilations [16] . However, the values of D h1,h2 q in Ref. [13] are from a parametrization which is able to reproduce the two-hadron yield of the PYTHIA event generator. They are not directly from the analysis of the experimental data [13] . Therefore, the investigation of the uDiFFs D π + ,π − q becomes very desirable. Furthermore it is also important to generalize our study to the flavor SU(3) case as one studies the SIDIS with the kaons appearing in the final state.
To investigate those SiFFs and DiFFs one needs rely on effective QCD models, because the fragmentation functions are defined in Minkowski space such that the usual lattice QCD techniques are not applicable. Furthermore, the hadronization of outgoing quark and gluon jets is essentially a nonperturbative phenomenon governed by the longdistance physics. Hence the perturbative QCD is hardly useful except for their QCD evolutions. It is particularly interesting to apply the chiral models to study those fragmentation functions since the chiral dynamics is an important nonperturbative QCD effect which plays a dominant role in the phenomenology of QCD in the low energy regime.
There are several chiral models which have been adopted to study the fragmentation functions. For example. the chiral quark model of Manohar and Georgi [17] has been used to calculate the unpolarized fragmentation functions [18] and the Collins fragmentation function [19] . The NJL-jet model has also been developed to compute both of uSiFFs and uDiFFs [20] [21] [22] [23] . We have adopted the nonlocal chiral-quark model (NLChQM) to study the uSiFFs of the pions in [24] . Our result has been extended to the uSiFFs of kaons later [25] . Furthermore we have included the quark-jet contribution to SiFFs of the pions and the kaons in [26] . Naturally we would like to extend our investigation to uDiFFs D h1,h2 q which are less understood empirically, compared with the other fragmentation functions. This article is organized as follows: We briefly review the process of computing uSiFFs in the nonlocal chiral-quark model in Sec. II. In Sec. III we describe how to obtain uDiFFs in the NLChQM and the NJL-jet model. We present and discuss our results which have been evolved to Q 2 = 4 GeV 2 in Sec. IV. Finally, we make our conclusion in Sec. V.
II. UNPOLARIZED SINGLE-HADRON FRAGMENTATION FUNCTION IN NLCHQM
In this section, we briefly explain how to compute uSiFFs in the NLChQM. The details of the derivation can be found in Refs. [24] [25] [26] . The NLChQM is motivated from the Dilute Instanton-Liquid Model (DILM) [27] [28] [29] [30] [31] where the quark-instanton interactions induced by the dilute instanton ensemble is to generate the nonperturbative QCD effects. Although DILM is defined in Euclidean space because the (anti)instantons are only well defined there, several works have replaced Euclidean metric for the (anti)instanton effective chiral action with the one of Minkowski space [32] [33] [34] [35] . The model constructed by this way is called the nonlocal chiral-quark model (NLChQM) because the interactions between the chiral fields and the constituent quarks are nonlocal. We reach a concise expression for the elementary uSiFFd h q describing the fragmentation process q(k) → h(p) + Q(k − p) from the NLChQM as follows:
Here the following notations are used: F h stands for the weak-decay constant for the pseudo-scalar (PS) meson h whose flavor content isqQ. C h q indicates the flavor factor for the corresponding fragmentation processes listed in Table (I) .M q is defined asM q ≡ m q + M 0 . Here m q is the current quark mass for the light quarks: m u = m d = 5 MeV and m s = 150 MeV. The value of M 0 can be fixed self-consistently within the instanton model [27] [28] [29] [30] [31] [36] [37] [38] [39] with the phenomenological (anti)instanton parametersρ ≈ 1/3 fm andR ≈ 1 fm. This leads to M 0 ≈ 350 MeV. In addition, M k and M r appearing in Eq. (2) are the momentum-dependent quark masses manifesting the nonlocal quark-PS meson interactions:
As explained in Ref. [24] , a free and finite-valued parameter δ has been introduced in the denominator to avoid the unphysical singularities. Λ is the cut-off scale implied in this model. Notice that the singularities arise in the vicinity of (z, k T ) = 0. The elementary uSiFF can be evaluated further by integrating Eq. (2) over k T :
Note that both M k and M r depend on k T such that the integration in Eq. (4) converges. To include the quark-jet contribution we have followed the approach developed in [20] [21] [22] . First, the elementary uSiFFd h q (z) is re-defined as follows: where the complementary uSiFFd
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The full uSiFF D h q (z) should satisfy the following integral equation:
Here D h q (z)dz is the probability for a quark q to emit a hadron h which carries the light-cone momentum fraction from z to z + dz.d Q q (y)dy is the probability for a quark q to emit a hadron with flavor composition qQ at one step and the final quark becomes Q with the light-cone momentum fraction from y to y + dy. Eq. (7) actually describes a fragmentation cascade process of hadron emissions of a single quark depicted in Fig. (1) .
One can either solve the coupled integral equations in Eq. (7) by iteration or by the Monte Carlo (MC) method developed in [21] . The MC method is to simulate the fragmentation cascade of a quark through N tot times, and at each time the fragmentation cascade stops after the quark emits N links hadrons. D h q (z) is then extracted through the average number of type h hadron with light-cone momentum fraction z to z + ∆z, N h q (z, z + ∆z):
The value of D h q (z)∆z becomes insensitive to the value of N tot and N links , when N tot and N links are large enough, implying that the result of the MC simulation converges to the solution of Eq. (7) . Once the forms ofd 
III. UNPOLARIZED DIHADRON FRAGMENTATION FUNCTIONS IN NLCHQM
In this section we describe how to obtain the uDiFFs within our model. Similar to the case of uSiFFs, there are also two ways to reach the goal. The first method is the Monte Carlo (MC) simulation. We apply the MC method to simulate the fragmentation cascade of a quark via N tot times and each time the fragmentation cascade stops after the quark emits N links hadrons. The fragmentation function D h1,h2 q (z) is then extracted through the average number of type h 1 hadron with light-cone momentum fraction from z 1 to z 1 + ∆z 1 together with the type h 2 hadron with light-cone momentum fraction from z 2 to z 2 + ∆z 2 , N h1,h2 q (z 1 , z 1 + ∆z 1 , z 2 + ∆z 2 ) as follows,
The second way is to relate the uDiFFs with the uSiFF D h q (z) and the elementary uSiFFd h q (z) in according to the following equation [40] :
Here the flavor component of the emitted hadrons h 1 and h 2 are h 1 = (aq 1 ) and h 2 = (bq 2 ), respectively. If q is neither a nor b then D h1,h2 q is called the disfavored uDiFF. Otherwise it is called the favored uDiFF. The first term stands for the situation that h 1 is the first emitted hadron in the decay cascade of the quark q. Similarly the second term denotes the situation that h 2 is the first emitted hadron. The third term represents the situation that the first emitted hadron is neither h 1 nor h 2 . To simplify the equation we make change of valuables as ξ 1 = z 1 /η and ξ 2 = z 2 /η:
Adopting thed h q (z) in Eq. (4) from the NLChQM, we first solve Eq. (7) to obtain the uSiFFs D h q . Then we employ the technique of iteration to solve Eq. (10). We find that the results agree with the one obtained by the MC method excellently. Similarly we also taked h q (z) of the NJL-jet model to calculate the uDiFFs. The result of solving Eq. (10) by the iteration method also agree with the result of the MC simulation.
Notice the uDiFFs of the NJL-jet model have been presented in [23] . However, we notice that our results of the NJL-jet model are different from those in Ref. [23] . The reason of this disagreement is explained in the appendix. Through this article whenever the NJL-jet model results are mentioned, they are referred to the ones obtained by our calculation.
The NLChQM results of z 2 D h1,h2 q (z 1 , z 2 ) are presented in Fig. (2) for z 1 = 0.1 and in Fig. (3) for z 1 =0.5. The results of the NJL-jet model are also presented in the same figures for comparison. We only present the cases of (h 1 , h 2 ) = (π + π − ), (π + K − ), and (K + K − ) here. Among the nine uDiFFs we present here, only three of them, [26] . In the next section, we will apply the QCD evolution to the both results and compare them at the same Q 2 value.
IV. QCD EVOLUTION OF DIHADRON FRAGMENTATION FUNCTIONS
To obtain the uDiFFs at the different Q 2 value, one needs apply the QCD evolution to the results calculated in the previous section. The QCD evolution equations of uDiFFs have been derived in Ref. [5] . Furthermore, the evolution equations of the extended DiFFs, which depend on the invariant mass of the hadron pair M h1,h2 , have also been derived in Ref. [41] . In this article, we have calculated the uDiFFs whose M h1,h2 dependencies have been integrated out. The QCD evolution equations of the uDiFFs are as follow:
where the Latin indices i, j, k can be a quark, antiquark or gluon. Similar to our previous work [26] , we assume uDiFFs for the gluon are identical zero at the initial Q In general, we find that the QCD evolution effects on the uDiFFs at z 1 = 0.1 are much larger than the corresponding ones at z 1 = 0.5. At z 1 = 0.1, the uDiFFs of the π + π − pair are much larger than those of other hadron pairs. The shapes of the curves of z 2 D Fig. (4) are modified by the QCD evolution. But their magnitudes remain almost (z1, z2) with z1 = 0.5 and the same compared to the corresponding curves in Fig. (2) . This observation is also applicable to the case of the π + K − pair, except for the s → π + K − one in which the value of z 2 D
becomes only half of that at z 2 = 0.5. In the case of the K + K − pair, the uDiFFS of NLChQM receive very little QCD evolution effect. On the other hand, the QCD evolution changes the uDiFFs in the NJL-jet model significantly both in the magnitudes and the shapes. Furthermore, the uDiFFs of NLChQM here are much smaller than the ones of the NJL-jet model.
In the case of z 1 = 0.5 the magnitudes of NLChQM uDiFFs of the π + π − pair are reduced, but their z 2 dependencies remain more or less the same. For the ones of the π + K − pair, both of the magnitudes and the z 2 dependence of NLChQM uDiFFs are very different from the ones at z 1 = 0.1. The magnitudes of uDiFFs become one-fifth for the u and d quark, and one-tenth for the s quark. The NLChQM results of uDiFFs for the K + K − pair are small when they are compared with the other uDiFFs. Our last observation is the disfavored uDiFFs are all very small in the high z 2 regime in the both models.
The NLChQM and NJL-jet results for z 2 D Fig. (6) . We also present the results fitted from the output of the Monte Carlo event generator called JETSET [42] by the following parametrization [7] :
where N , α 1 , α 2 ,α 3 , β 1 , β 2 , and β 3 stand for the parameters fitted by JETSET. For the case of g → π + π − , the NLChQM result is very similar to the one in the NJL-jet model. At the high-z 2 regime, both the NLChQM and the NJL-jet results are close to the one obtained from JETSET. On the other hand, the deviations appear at the low-z 2 regime. For u → π + π − , both the result of the NLCHQM and the NJL-jet model significantly differ from the one of JETSET parametrization. The shapes of the results of the NLChQM and the NJL-jet are similar, but the NLChQM one is larger in magnitude. Both model results are divergent as z 2 approaches zero. The shape of the result from JETSET is completely different, and it locates between the NLChQM result and the NJL-jet model result. In this article, we have investigated the unpolarized dihadron fragmentation functions (uDiFFs) of the pions and kaons in the nonlocal chiral-quark model (NLChQM). We summarize our important observations as follows:
• Both of the magnitudes and the shapes of the curves of z 2 D h1,h2 q (z 1 , z 2 ) as a function of z 2 in the NLChQM and the NJL-jet model are substantially different. The difference between the results of these two models is more significant in the small z 2 regime.
• In NLChQM, the uDiFFs of the K + K − pair are particularly smaller than the uDiFFs of the other hadron pairs . Moreover, they are also smaller compared with the corresponding ones in the NJL-jet model.
• At z 1 = 0.1, the DiFFs of the π + π − pair at Q 2 = 4 GeV 2 for the u, d and s quarks are comparable in their magnitudes. As z 1 increases to 0.5, D
becomes larger than the other two DiFFs.
• In the cases of the π + K − pair, the uDiFF for the s quark at Q 2 = 4 GeV 2 is dominant over the other two, for both cases of z 1 = 0.1 and 0.5.
• At Q 2 = 109 GeV 2 , we observe that the DiFFs of g → π + π − in the NJL-jet model and NLChQM are very similar, but both are smaller than the JETSET result in the small-z region.
• On the contrary, the NLChQM uDiFF of u → π + π − is larger than the JETSET result which is larger than the NJL-jet result. Nevertheless, the z-dependencies of the uDiFFs in the NLChQM and the NJL-jet model are similar. But they are very different from the one of JETSET.
• The disfavored uDiFFs are all suppressed at high z 2 regime in both models.
In summary, we have applied the NLChQM to study the uDiFFs of the pions and kaons. Our next step is to include the vector mesons in our model and extend our study to the Collins fragmentation functions and the polarized DiFFs H ,h1,h2 q which are important in the extraction of the transversity parton distribution of the hadrons.
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We have solved Eq. (22) with N grid =50, 100, 200, 500 and 1000. We present our result of z 2 D
(z 1 , z 2 ) with z 1 = 0.1 in Fig. (8) . It agrees excellently with the corresponding figure in Ref. [43] by the same authors of Ref. [23] . This provides a convincing evidence that indeed the authors of Ref. [23] have actually solved Eq. (22) .
Furthermore, we also demonstrate our results of uDiFFs of other pairs in Fig. (9) . They are the solutions of the wrong equation Eq. (22) . In contrast to the case of z 2 D π + π − u (z 1 , z 2 ) with z 1 = 0.1, Our results indicate that some results do not converge even for N grid = 1000. This is in contradiction to the claim reported in Ref. [23] that the results converge to within 5 percent for N = 200.
In conclusion, for the NJL-jet model, we solve the related integral equations Eqs. (14) and (15) directly using an iteration method and reach the results of DiFFs which are significantly different from the ones in Ref. [23] . We have shown that it is very likely the calculations done in Ref. [23] actually solve the wrong equations with an extra factor. It will be useful to clarify the discrepancy if the authors of Ref. [23] perform the similar investigation.
